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IX. The Conftru&ion and Properties of a new Quadra- 
trix to the [Hyperbola, iSy Mr . . . Perks. Com- 
municated by Mr Abr. de Moivre, K % S. 

THe Circle, EUipJis and Hyperbola being not Geome- 
trically Quadrable ( as infinite others ) ihetc have 
been two ways made ufe of to find their Areas, i. by 
Converging Serier, whereby Approaches are made nearer 
and nearer, according to the exactnefs defir'd. a. By 
Quadratkes, that is, Mechanical Curves, which determine 
the Length of certain Lines, whofe Squares or Rectangles 
give the Area oi the Figure defir'd. Of this fort is the 
old guadratrix of D'wojiratus, by which the Circle and 
Ellipfe are fquared 3 and another fort (for the fame pur- 
pofe ) I inferted in the Tranfa&hns about 5 years ago. 
Since that* having found the Conftru&ion of a Curve, 
from whence (befides its own Quadrature and Jk&ificatioti) 
the Quadrature of the Hyperbola is deriv'd, I thought the 
following Account might not ( to fome ) be unaccepta- 
ble. 

Let A B, C D, be two ftraight Rulars joyned at B, and 
there making a right Angle. ( Their length according to 
the largenefs of the Figure you will defcribe.) E F is anor 
ther Rular {bmewhat longer than A B. Near the one end E, 
let a little Truckle-wheel ( reprefented edge- wife by g h, and 
made of a thin Plate of Brafs or Iron ) be faftned to 
the Rular by a Pin ( i, ) thorew its Center, fo that 
the Wheel may turn about upon the Pin ( * ) tight to 
the Rular without Joggling. 
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On the under fide, of this Ruhr ( rhe fide from the 
Eye in the Scheme ) let there be pinrrd or glewed a little 
piece ot Wood ( in the form of a Quadrant,* the part 
which is ft en bemg mark'd kl ) whole edge ( or limb ) 
4 /, is an arch of a Circle of Center (f, } and Radius, ih 
( the fame with the little Wheel. ) The. defign of this 
piece of Wood is, that in- the- feveral Petitions. of. the 
Rular E F, the circular Limb k I always touching and 
Aiding by the edge of the Rular A B, the Center of the 
Wheel may be always in a jine ( * f».) parallel to the 
Rular A B. 

In the Rular- CD* make M B ~ i h or i k 9 and. at M 
fallen a little Pin, and another, to the Rular E F near the 
Wheel, as at p- To thefe two Pins let be f aftned the two 
ends of a String M R, fo that its whole lengch ( from 
Pin to Pin ) + ph be equal to the intended Axis of the 
Curve TW. 

The Inftrument being thus prepar'd, let a ftrong Rular 
SO, be faftned ( or held faft ) upon the Paper or Plain 
that the Curve, is to be drawn upon.. . Lay the \ular EF 
from M towards A, and parallel to A B, fo that the String 
lye all ftraight along the edge of the Rular E F from M to p, 
the point Sk. of the Quadrantal piece of Wood refting up- 
on the edge of the Rular A B. Then with a OmlTPin at 
M keeping the String clofe to the edge of the &:uht £ Fj 
and with your other hand upon the end E, iteepi^g the 
Wheel tight to the Paper or Plain, move the Pin String 
and Rular EF from M towards O, the Rular C D Aiding 
along by the faftned Rular SO in a right line, the 
Wheel g h wiU by its motion defcribe tbt defired Curve 
TV, 
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Note, The Semi- diameter of the little Wheel mull be 
about the Sum of the thicknefies of the two Rulars 
EF and A B, that it may touch the Paper. A!fo it 
will be convenient that us edge be thin, and a little 
rough, that it may not Hide flat-ways, and that it 
may leave a vifible impreffion. 

From this Conftru&ion the following Properties are 
detnonftrable. 

I. It is evident frotia the Conftru&ion, that the Sum of 
the Tangent and Subtangent is everywhere equal to the 
fame given Line = M R. ■+ R i = T W. ) for the String 
( farft ftraight at T W, afterwards making"an Angle at 
R ) being every where the fame, the Line Ri ( or R p 
'-r- p i ) is always the Tangent, and the Remainder R M 
the Subtangent 5 the Contact of the Wheel with the 
Plain, being the point of the Curve to which they be- 
long. 

tl. It hence follows, that any affignable part of the 
v Curve is Re&ifiabk, or equal to any affignable ftraight 
Line; In Fig. 2. Let F A E be a part of the Curve, its 
Vertex F. H D d is the Line defcribed by the motion of 
the Pin R ( in Fig. 1. ) and may be fhewn to Af- 
fymptote to the Curve. F H a perpendicular to H D: 
Let A be given point in the Curve, A D- the Tangent, 
and B D the Subtangent to the fame point A. Let a be 
another point in the Curve infinitely near to A. to which 
let a d be the Tangent, and b d the Subtangent. Draw 
A G, a g perpendicular to F H and A B, a b perpendicu- 
lar to H D. By the ' Conftru&iou A D '+ D B = a d ■ - 
d k Let a ^ be made equal to aD, and draw Da Then 
btcaufe ^-fW-AD + DR Subtract b D and 
a D f or a J ) from both Sums ( Equals from Equals ) 
there remains / d + d D = A &H- B b ( or C a} A a ; C, 
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Dd / are like Triangles ( or differing infinitely little front 
fuch ) therefore C a (~Bb J: A a : : <rd : D d. and con> 
pounding B b -V- A a : A a : : / d + D d : D d. Alter- 
nating B b+Aa : .* d -f D d : : : A a ; D d. But B b + 
A a = /■ A + D d ( as is (hewn above ) therefore A a = 
Dd. A a is the fiuxional Particle of the Curve F A, and 
Dd is the fluxional Particle of the Line HD: Thefe 
.Fluxions* or Augments, being equal, and their flowing 
quantities beginning together, are rhemfelves therefore 
equal, viz,- F A = R D.- 

Let F G = x. GAf=HBJ=y. A D = t. B D^ 
S. So is the Curve FA = HD=y + S: that is, the 
Curve from the Vertex to any given point therein, is equal to 
the Sum of its Ordinate, and Subtangem to the fame point 
which k itsfecond Property* 

III. The next Property (* and whereupon I call it the 
Hyperbolic guadratrix) is this, In Fig* 2. let F A E be a 
part of the Curve, ( &c. as before.) F I K 'H is a Square 
upon the line F H. a I L is an Equilater Hyperbola whofe 
Vertex is I, its Afymptotes H O, H ft- its Ax H I ^ From 
a given point L in the Hyperbola (below its Vertex I ) 
draw L A parallel to the Afymptote R. H, interfering 
the Diagonal I Hin M, F H in G, and touching theQ.ua- 
dratrix in A, I fay, that the Hyperbolic Area I L M is 
equal to a Rectangle, whofe fides are the Ordinate G A, 
and twice F H, the Ax to the Quadratrix, that is, Trilin. 
ILM=2FH*GA. 

Let F H = a, F G ■ = x, G A = y. , becaufe of the 
Hyperbola GLXGH ( L Sj = f d q.. therefore G L 

B =!Lj^. a ndLM=i^j--C H (M G ) that is, 

LM = "-a + x = 11I—JH- , and r- a fequently 
a--x a • i 

the fluxion of the Area I L M «• — - - x 

In 
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In the Re&angle triangle A D B, A B =- a .- x , B D 
= S, A D = t - a— S 5 then »ADq~ABq + 
B D q : or a a 2 a S + SS = a a — 2ax-l- X x-i-SS, 

which being reduced, gives S = 

Let / a be a right line fuppofed infinitely near and pa- 
rallel to L A, and interfering A B in C. Becaufe of like 
triangles A C a, A B D 5 A B : B D : : A G : C a that is 

a — x : S ( = ; ) : : x : y . therefore j == 

2 g v M . y V 

..: _ — _j . Multiply each by a a, and 'tis 2 a y 

2 3. 3. ■ — 3 cl X 

2 a x — xx . 
x * 



x 



The Plowing quantity of 2 a y is 3 a y 



O '1 y u.y,m V V 

and the flowing quantity of x is theHyperbolic 

a x 

Area I L M ("as is (hewn before. J Tliefe two Area's be- 
ginning together at F and I, and having every where 
equal Flnxions.pt Augments, are therefore themfelves every 
where equal. 

N. The Quadrature of the Trilinear Figure I L M 
being thus found, any other Area bounded with 
the Curve line I L. and any other Right Lines is alfo 
given. 

IV. Suppofing the fame things as in the precedent Pro- 
pofition, 1 fay, that the Area of the Qpadratrix F a b H F 
is equal to half' the fquare of F g, wanting the Csbe of 

F g divided by fix F H, or F a b H F =s ^- X ~~S*. The 

x 6 a 

Fluxion of thisArea is the Re&angle CabB = a— x x j 

3 a x -~- x x xx. _. 

= a — xx — — — x = x x — — x . The 

2 a a -— a x 3 a 

flowing quantity of x i is £ % x : And the flowing quan- 
tity 
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tiiy of "~-*-i is ~~— g- a [as is eafily (hewn by bring- 
ing back thefc flowing quantities to their refpe&ive Fluxi- 
ons,] And hence alfo it follows, that the whole Area 
continued on infinitely towards E, is one third of the 
Squire F I K H j or ? a a. Eor fuppofing x =, a the Area 

a a a a a a 

above becomes > — — 

While I was considering the other Properties of this 
Curve, and had given fome account of them to my 
Ingenious Friend Mr John Colfon, he returned me 
:i Letter with the Addition of the Quadrature of 
the Curves Area, which I had not then enquired 
into.- 

V» Suppofing ftill the fame things, I fay that the Solid 
made by the converfion of the Area F a b H F about the 
Line H b as an Axis, is equal to a Cylinder whole Radius 

is F II = a, and height equal to — — _i_ —-■ 

& ^ 2a 2 a a ^ 8 a' ' 

And the whole Solid made by converfiou of the whole 

figure infinitely continued, is equal to an eighth part of 

a Cylinder, whofe Radius and Height are each equal to 

!- H or a, 

P 

Let — exprefs the Proportion of the Periforie and 

P 

Diameter of a Circle. Then is — - a b quad, the Area of 

a Circle whofe Radius Is a b. And becaufe C a = y = 

X — XX * XX 

3~ax the "fluxion of the Solid is P a L q, « — ■■ 

-JZZ D " ™* 

Or 
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P 2 X — XX.' P 3 *?' . 

or ? -a ~- x x . -■■; x . __- x __ |_ XJ e+— x i 



u. • — • X 

p 

whofe flowing quantity -is -—a x x — — x x x . 

2 

^ Which Solid being divided by — - a a ( the Area 

o a * ,u 

of a Circle whofe Radius is * ) gives - •••-' + — . 

2. a 2 a a 8 a a 

for the heigtit-of a Cylinder on the faid circular Bafe 3 

and equal to the Solid made by converfion of the Area 

FabHF about the Line H b as an Axis. When x = a 

( that is when the whole Figure is turn'd about its Ar 

lymptote) the height — -— -r s become i a 

J r ■ ' ■ a -a 2 a a 8 a a 

VI. The Curve furface of the Solid generated' by the 
Converfion of the Figure FabHF about H B, is equal to 
the Curve furface of a Cylinder .. whofe Radius is a, and 

X X v ■ i X X X 

height equal to — —— • + . And the whole 

u 2 4 a ' i 2 a a 

Curve 'Suit ace of the Solid infinitely continued, is equal to 

one third part of thz Curve Surface of a Cylinder whofe Radius 

and Height are eqml to F H or a. Which may be demon- 

ftrated after the manner of the precedent Propofitiorr 

VII. The Radius- of - the Curvature of any Particle of 

the Quadratrix is ■ — and this found .Geometrically, 
a — x. 

In Fig. 3; F A Els the ggadratrix, H D the Afymptote s 

AD the Tangent, B JD the Sobtangent to a given point A. 

Make B V = A D. Upon V rife the perpendicular V; ,W„ 

from A draw A W perpendicular to the Tarrgeiii: A D;tiH 

Is. 
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it meet A W in W. So is A W the Radius of the Curva- 
ture ac A. 

VIH. This Curve may be continued on infinitely above 
die point F C but by a different and more operofe way of 
Conftruclion ) whofe Properties will be thefe. i. The 
Difference of its Tangent and Subtangent ( taking the 
Subtangent in the Line H S ) will be always equal to the- 
fame given Line F H or a. That is, as t -f- s = a, below 
F, fo t — s = a above F. 2. As below F the Curve Line 
is equal to the Sum of its Ordinate and Subtangent, fo a* 
bove, it is equal to their Diffennceot — S — y* 3. As below 
F, Jay — MM,' fo above 2 a y = I * /* . All which 
(and its other Properties) may be demonftrated as the Pre- 
cedent mutatis mutandis. 

IXi'With a little variation in the precedentConftru&ior! 
may the Logarithwkk turve be conftru&ed, which is alio a 
gttadratrix to the Hyperbola. In Fig. 1. omitting the 
String MRP, let the diftance M R be equal to the Subtan- 
gent of the intended Logarithmick Curve (which, as 'tis 
known, is invariable.) Scick a Pin at R in the Rular C Dj 
to which apply the Rular E F, fo that the edge of the lit- 
tle Quadrant k /, reftjijg upon the Rular A B, the diftance 
M i be equal toMR. Then keeping the Rular E F tight 
to the Pin R and Rular A B, Hide the Rular CD along in 
a ftraight Line (by the Rular or Line S Oj So will the 
Wheel g ^defcribe a part of the Logarithmick Curve T V, 
whofe Subtangent is every where MR. 

X. Fig. 2. Let FAD reprefent the Logmthmic\QuYv^ 
whofe Subtangent js equal to F H. LI, A is an Equilater 
Hyperbola Q&c, as before $ III.) Let FG =: x, Ga = 
y. F H ( = B D) = a. G H ( = L S ) s=* a - y. A^~ 
iCa=y. Then A C : Ca : : A B :$ 0. that" is i ij : r : a 
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jt : a ; i a : ~ , therefore a y =■ — — .i , The 

a — x • ' a — x 



Flowing quantity of a y is a y 5 and the Flowing quantity 
of — L^ — i is the Hyperbolick Area F I L G (for by the 

3. 3. 

nature of the Hyperbola G L = — » therefore is 

the Hyperbolick Area FT L G equal to a y, a Re&angls 
whofe fides are the Subtangent (BD=FH) an^ Ordinate 
Cf A ({as here accounted ) of the Logarithmick'Curve* 



S% X fig. 1. 
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